1.2 Rules for Finding Limits 61

Rules for Finding Limits
This section presents theorems for calc

on the results of Example 8 in the prece
rational functions, and powers. The fourth

ulating limits. The first three let us b}ﬂld
ding section t0 find limits of polynomials,
prepares for calculations later in the text.

Limits of Powers and Algebraic Combinations

p ‘V.’."‘I'hléo‘i'er.n 1

. Properties of Limits
" The following rules hold if limee fG) =L and lim, .. g(x) =M (Land
t M real numbers). - - T
L SumBale: . lim [f@+s@I=L+M
2 Dziﬁ'erénce Rule: : lim [f(x)—guN=L—-M
" 3. Product Rule: _ . lim fx)-gx)=L-M
' 47" Constant Multiple Rule: lim kf(x) =KL (any number k)
\'6"" _rvj"};owq:‘-;Rhl'é:‘ AR ‘:I'f m and n are integers, then

i 1151 e =L,

provided L™" is a real number.

In words, the formulas in Theorem 1 say:

1. The limit of the sum of two functions is the sum of their limits.

2. The limit of the difference of two functions is the difference of their limits.

3. The limit of the product of two functions is the product of their limits.

4. The limit of a constant times a function is that constant times the limit of the
function.

S.  The limit of the quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero. :

6. The limit of any rational power of a function is that power of the limit of the
function, provided the latter is a real number.

We will prove the Sum Rule in Section 1.3. Rules 2-5 are proved in Appendix 2.
Rule 6 is proved in more advanced texts.

3 2
EXAMPLE 1  Find lim *—t 4" =3
X—c x2 + 5

Solution Starting with the limits lim,_,. x = c and lim,,. k =k from Secu'pn
1.1, Example 8, and combining them using various parts of Theorem 1, we obtain:

e
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apter 1; Limits and Contlnuity

Y

: im x)=c-c‘=’6'z Prog
8) liﬂ = (1m x) (l_‘r Ttulyey or Prn,,,.
X
=lim x24lim 5=c*+5 S0 ap,
b lim (2+9) = lim 4 fim " 30
e
i 2= 402 Canyryy,
C) 1'_’}3 411 = 4!!32. X 8y Mulﬂ;;e ",
=lim dx?=lim 3=4c -3 1, *
&) lim ( 4yl = 3) = m 4x li_rg Differene, nd
, v 2\ (1 Jf)=6‘2-c‘=cJ Produey .
C) ’l'l.f.lz IJ = (P-vn: i ) (lm roducy and “l.’:,’Pr;ifb
. 3 t 2 _ . )
f lim (' +4x = 3) = lim x +l"_,"} @4 =3 5,
=7 +402 -3 , (1} aney (e)
. 3 Bl
, x’+4x2—3_ll-»nl G +4s"-3) Quai
O s T T mwrs R
X=»C
A +4c2-3
= Taws el
EXAMPLE2  Find lim2 V4xt -3,
I——
Solution
xI_i.rll2 Vaxt -3 = /427 3 Examme 1) 2n4
Ower P'ule Wﬁ‘ln:}[z
=16—3
=413 a)

Theorem 2
Limits of Polynomj

pr(x)=a”x"+an-lx""+---+a0 then

Theorem 3

- Limits of .

If the Umgaﬂona' Functions can Be Found by Substitution
Denominator Is Not Zero

. :
) are Polynomials apq Q(c) # 0, then

lim 2&) _ P(e)
Ie Q(_r) Q(C) .

If P(x) and
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/ Exercises 1.2

&

/

Limit Calculations 2Jim el kel ©
Find the limits in Exercises 1-16. (hrn fx+ hm 7)
1. Im (2x 45 i
k. ( ) 2 _Hf?z (10 -3x) @) - (= 5) 7

A lelﬂ (-;14.‘5:—2) 4, llin}z(xj_zxz_*_u_*_g) =Ta+7n =3

. lim 8(1 = S)(r . 32. Let lim, g h(x) =5, lim; p(x) =1, and limey 7(1) =
5 P__rr’\ Bt =51 -7 6. .P.T/:. Is2s—1) Name the 'rule(s in Theorem | that are used to accomplish st.ps
7. tim 23 8 limi' 3 (a), (b), and (c) of the following calculation.
=1 46 " x—7 SR ke (a)
: sy 10, fim 22 o P@G-r()  lm (P(")(“"’“)))
y==35-y "r=2 y1+5y+6
. flim Sh
11. ,‘_IE,II 3(2x — ])2 12, lim‘ (x+3)19u L xli]]' (x) . ®)
13, lim, (5 )7 14, lim (22 —§)!" (im p0) (lim ¢ —ren)
s
/5Tim A(x
15, lim ,/BTI_-H 16. lim —%—2 - Ay A — (0
T (tim peo)) (tim 4= i rC0)
Find the limits in Exercises 17-30 g
x=5 Q_a,b m’z’i‘u“"” BB _s
17, iy 2= “ha-2 2
P—r-':]s x2-25 - i .tl—lo-) x1+4.r +3 e _2)
19, fim FH3x—10 20, tim =7 +10 \33.-8uppose lim;c f(x) =5 and lim,c g(x) =—2. Find
= —x—‘+5 ‘1 x-2 a) lim f()g(x) b) lim 2f(x)g(x)
4y -2 . P34 ‘m f(x)
21, P-IR P 22. 'l_l_Tl P ©) )lrl_l"l"l: (f(x)+3g(x)) d) m m
23. lim _sz : L@zn — 24. lim 35;: +[86y A, Suppose lim,_.4 f(x) =0 and lim,~4 g(x) = —3. Find
.--—21 1-124 y= . y2 a) hm‘ (g(x)+3) b) hnl xf(x)
ut - e s i
25. lim 26. lim —T % (x)
u—ml y?~1 v—2 Z 1161 0 h_‘f} (g(x))-! d) iﬂ ‘_f_(i)__l
. JE-3 i 5= ' '
27, Im ——3 e T ﬁ Suppose lim, .y f(x) =7 and lim,—, g(x) = —3. Find
N T 0. 1 YEE83 2) lim (f(x)+gx) b) lim f(x) - g(x)
“ael Jr+3-2 Taemt o x ¢ lim 4g(x) d) lim f@x)/glx)
X= —

/Jf Suppose that lim,._; p(x) =4, lim,~_; r(x) =0, and
lim,_; s(x) = —3. Find

Using Limit Rules ;
a) ,'i“.‘z (p(x) + r(x) + 3(x))

31, Suppose lim,o f(x) =1 and lim,o g(x) = —5. Name the

rules in Theorem | that are used to accomplish steps (a), (b), b) lim2 p(x) « r(x) « $(x)
f the following calculation. 5
and (c) o ollowing ¢ . O(I;f(x) — g 0 ,l.l."-‘z (=4p(x) + 5r(x))/s(x)

2f(x)—gx) _ 1m0 (a)
=0 (f(x) +T)7 11_'3}) (f(x) + M

_ lim 2/(x) — lim g(x)

(tim (s +7)"

(b)

Scanned with CamScanner



from the ng fmm:be‘di
4 S
| ir*ﬂﬂ i
‘ ! !
i { } 2%
4 ¢ &
1.37 Continufty at points & b andC
y
2 y=va-r
-2 0 2’—‘1

138 Continuous at every domain point

y=U

0

1.35 Right-continuous at the origin.

0 1 2 3

1.40 Tris function, defined on the dosed
interval [0, 4], is discontinuous atx =1, 2,

and 4. It ks continuous at all other points
of its domain.

1 5 C”Jrﬁjng-j:,,_.’

- angd!d@d IEJTU'!J.
ity a1 eadpoints ¥ efined by W72
Cootinaily

pefinition”
A function f is &8

g-vl“ ; -‘i{
: . . _ pof its dom&8
.d;unﬂnnomﬂl’ﬂgh'md ,..b«(rw
wd mtmons 42Ty 0

=5

continnous from the right) @t 2

)= fle). Ttis leﬂ-cqngin;ws f'co;: ;i;u::x;
g : nction is conliD a

pqmum— :dlm) Y ey f(C)"Tﬂus'- :If: and continuous 2t 2 rignt
It endpei f its domain if itis right-con L N fanction i
leﬂmdpmmaoxésa .’,i”“’kﬁ b m'gm-wﬂ‘ i
endpoint its domain _continuod$ 2* 2 ’
ala‘ninwﬁo‘:fp:ismcofilsdaminifandonlylfltubﬂ tinuou
|efi-continuous 2t ¢ (Fig. 1.37).

iE dom 1‘[” i“im;.-z‘

i int of its
EXAM. —— : continuous at every pout
{  The function f(x) = 4 —xtis e .
domai:L[ilZl (Fig. lJB).T!:I{isinclndcszz—-Z, where f 18 ngh-conrlnuousa
and::l,whmfiglgﬁmmus_

The it step function U(x): graphed fn ﬁg.. 1.39, is ng%—
D.Imisn:iﬂmkﬁ-connn'umswrcm _
f atest

4 eea

EXAMPLE 2
contingous at £ =
Wesummaﬁumnﬁnuixyatapoimmmcformo

Continuity Test
Aﬁmz:tionf(x)isconﬁnuousar::::cifzndonlyifixmutstbefoﬂawing
three conditions.

L f(c) exists (c lies in the domain of f)

(f hzs a limit 2s x — ¢)

2. lim,.. f(x) exists
(the limit equals the function valoe)

3. lim.. f(x)=f(c)

For one-sided continuity and continuity at an endpoint, the limits in pars 2
and 3 of the rest should be replaced by the appropriate one-sided limits.

EXAMPLE 3  Consider the function y = f(x) in Fi domain
] ! = 2. 1.40, whos in i
thcclosadmt:rval[ﬂ.ﬂ.Ducussthcconﬁnuityoffazx=0_1_2_3eamj4 "
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EXERCISE SET 1.3

43

12.

13.

14.

15.

16.

17,

18.

19.

Show that the function /. ] 0, 1 ] = R defined by
]
S&) =

is continuous on ] 0, 1 ]. Is f (x) bounded on this interval? Explain.
1 .
Let Ax) = cos(x) ‘ ifax i

' 0 if x=0
Is f continuous at x = 0? )

(x—a)sin(xla) if x#£a

Let Ax) =
_ 0 | if x=a
Discuss the continuity of fatx =a
1 ) .
xcos| T fx#0
Let fix) = (1' i e
-0 if x =0
Show that f'is continuous at x =0
. r 1
x?sin (-) if x#0
Let f{x) = Y " x b
' L0 - if x=0

Discuss the continuity of fat x=0
X sin (Lfl) if x#0

0 if x=0
Discuss the continuity of fatx =0
Find ¢ such that the function
1 —4/x
fwy=q *~ !
c if x=1
is continuous for all x € [0, 1].

Let fix) =

if0 <x <1

In Problems 18 — 20, find the points of discontinuity of the given

functions.
x+4 if -6 <x<-2
fx)=9x if 2 <x<2
x—4 if2<x<6
x? if x <1

g(x)f —4-x? if1 <x<10
6x*+ 46 if x> 10
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